






(vii) For which value of m,
CRS (mod m) = RRS (mod m) ?

.  (aj If m is a prime
(b) If m is a composite
(c) I f m< 10

(d) None of the above

(viii) If ca = cb{modm)t then

(cl) a = b mod
m

(c, m)^

(b) a = b{modm)

(of a^b{modm.{c,m))
(d) None of the above

(be) The unit place digit of 2'^^ is

(a) 4

(b) 6
(c) 8

(d) 2

(x) The highest power of 7 that divides 501
IS

(a) 7

(b) 8

(c) 10

(d) 5
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2. Answer the following questions :
2x5=10

(a) If p is a prime, then prove that

^(p!) = (p-l)(!J((p-l)!) 2

(b) Find all prime number p such that

p^ +2 is also a prime. 2

{cj For n = p^,p is a prime, prove that

n='^<p{d)
.d\n

where denotes the sum over all
d\n

positive divisors of n. 2

(d) Find the number of zeros at the end of
the product of first 100 natural
numbers. 2

(e) Find cr(l2). 2

3. Answer any four questions : 5x4=20

(a) If 0 is Euler's phi function, then find

^!J(<!J(1001)). 5
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(vii) For which value of m,
CRS (mod m) = RRS (mod m) ?
(aj If m is a prime
(b) If m is a composite
(c) If m< 10

(d) None of the above

(uiii) If ca = cb(piodm)f then

(a) a = b mod
m

(c, m).

a = b{modm)

(cf a = b(modm.{c,m))
(d) None of the above

(ix) The unit place di^t of 2*73 is
(a) 4

(b) 6

(c) S

(d) 2

The highest power of 7 that divides 50M
IS

(a) 7

(b) 8

(c) 10

(d) 5
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Answer the following questions :
2x5=10

(a) If p is a prime, then prove that

«i(p!) = (p-l)jiS((p-l)!) 2

(b) Find all prime number p such , that

p^ +2 is also a prime. 2

(c) For n = p^, p is a prime, prove that

" = Z
d\n

where ^ denotes the sum over all
d\n

positive divisors of tz. . 2

(d) Find the number of zeros at the end of
the product of first 100 natural
numbers. 2

(e) Find a{l2). 2

3. Answer any four questions : 5x4=20

(a) If 0 is Euler's phi function, then .find

^^(^^(lOOl)). 5
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(b) Find the remainder, when 30"^^ is
divided by 17. 5

(c) State ^d prove Chinese Remainder
Theorem. 5

(d) If Pn is the nth prime number, then
prove that -

Pn <2
in-1

(e) If n - p2^ pgS ... is the prime
factorization of n> 1, then prove that

(i) .r(n) = (fci +1)(^2 +1) +1)... (k^+l)

m
P2~l Pr-1

2y2+2y2=5

(f) Define Mobius function. Also show that

/Kmn)=^(;n)://(n)
Hence find 11(6). 1+3+1=5

PART-B

Answer any four questions : 10x4=40

4. (a) If d = {a, n)i prove that the linear

congruence clx = b {jnod n) has a
solution if and only if d| h. 5
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(b) (i) When a number n is divided by 3
it leaves remainder 2. Find the
remainder when 3n + 6 is divided
by 3. 2

(it) Prove that 5n+3 and 7n + 4 are
coprime to each other for any
natural number n. 3

5. (a) If p is a prime, then prove that
{p-l)l = -l{mod p) ^

(b) Using property of congruence shpW that
41 divides 2'^^-!. 5

6. (a) Prove that every positive integer (n > 1)
can be expressed iiniquely as a product
of primes. = r 5

(b) Determine all solutions ip the integers
of the Diophantine equation

172X+201/=1000 5

7. (a) If n be any positive integer and can be
expressed as n = p^. Pk^»then

prove that ^ FI
>1

1-

PiJJ
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8.

(b) IF m and n ore any two integers such
that (m, n)= 1, prove that

^(m.n) = ̂(m). ̂(n). 5

(a) For each positive integer n>l, show
that

4-/^ '' lo, if n>l 5

(b) If k denotes the number of distinct
prime factors of positive integer n, then
prove that

E IM<i)| = 2'' -
d|n ^

(a) Show that j] //(d)r(d)=
d\n

where k denotes the number of distinct
prime factors of positive integers n.

■  .5

(b) Prove that

(i) ̂  T(n) is an odd integer iff n is a
perfect square. 3
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9.

(ii) For any integer n>3, show that

fc=l

10. (a) Let p be an odd prime. Show that
the congruence =-l{modp) has a

solution if and only if p = l(jndd 4).

(b) If n>l and gcd{a,n) = l, then prove
that = I (mod n)- 5

11. (a) If n is a positive integer and p is a
prime, then prove that the exponent of
the highest power of p that divides n!

is X
fc=i

n

(b) Solve 3[x] = x + 2{x} where [x] denotes
greatest integer <x and {x} denotes
the fractional part of x., 5
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OPTION-B

Paper : MAT-HE-5026

(Mechanics)

Full Marks : 80

Time : Three hours

The fibres in the margin indicate
full marks for the questions.

1. Answer the following questions : 1x10=10

(i) What is the physical significance of the
moment of a force?

fU) State Newton's second law of motion.

(Hi) Define angle of friction.

(iv) Define the centre of gravity of a body.

(v) What do you mean by terminal
velocity?

(ui) What is the geometrical representation
of the simple harmonic motion ?

(vii) What is the length of arm of a couple
equivalent to the couple (P, p) having
constituent force of magnitude F?
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(viii) Can a force and a couple in the same
plane be equivalent to a single force?

(ix) Define a couple.

(x) State Hooke's law.

2. Answer the following questions : 2x5-10

(a) Find the greatest and least resultant of
two forces acting at a point whose
magnitudes are P and Q respectively.

(b) Find the centre of gravity of an arc of
a plane curve y = f{x).

(c) State the laws of static friction.

(d) Show that impulse of a force is equal
to the momentum generated by the
force in the given time.

(e) Write the expression for the component
of velocity and acceleration along radial
and cross-radial direction for a motion
of a particle in a plane curve.
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3. Answer any four questions of the following:
5x4=20

(a) The line of action of a force F divides
the angle between its component forces
P and Q in the ratio 1:2: Prove that

,(3(f+q)=p^

(b)

(c)

(d)

P and Q are two like parallel forces. If
P is moved parallel to itself through a
distance x, show that the resultant of
P and Q moves through a distance

Px

P + Q'

R is the resultant of two forces P and
Q acting at a point and at a given angle.
If the force P be doubled, show that
the new resultant will be of magnitude

A particle of mass m moves in a straight

line under acceleration mn^x towards
a point O on the line, where x is
the distance from O. Show that if x= a

dx
= u when t= 0, then at time t.and

dt

u
X = a cos nt +.—sin nt.

n'
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(e) A particle moving with simple harmonic
motion in a straight line has velocity Vi
and 1*2 distance Xi,*A2 from the centre

of its path. Show that if T be the period

of its motion then T = 2/rJ^—^ .
^2 - ̂1

(f) Show that the sum of the kinetic energy
and potential energy is constant
throughout the motion when a particle
of mass m-falls from rest at a. height h
above groimd.

4. Answer 'any four questions of the following:
10x4=40

(a) Forces P, Q and R act along the sides
BCy CA and AB of a triangle ABC and

forces P', Q' and R' act along OA, OB

and GC, where O is the cfentre of the
circumscribed circle, prove that

(i) PcosA + QcosB + RcosC = 0

PP' QQ' , RR' n(ii) + -~^ + = 0
a  b e
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3. Answer any/our questions of the following:
5x4=20

(a) The line of action of a force F divides
the angle between its component forces
P and Q in the ratio 1:2; Prove that

,(?(F+g)=p2.

(b)

(c)

(d)

P and Q are two like parallel forces. If
P is moved parallel to itself through a
distance x, show that the resultant of

P and Q moves through a distance

Px

P + Q'

R is the resultant of two forces P and
Q acting at a point and at a given angle.
If the force P be doubled, show that
the new resultant will be of magnitude

A particle of mass m moves in a straight

line under acceleration mn^x towards
a point O on the line, where x is
the distance from O. Show that if a:= a

dx
and = V when t= 0, then at time t,

u  .
x = acosnt sinnt.

n'
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(e) A particle moving with simple harmonic
motion in a straight line has velocity vi
and 1/2 at distance from the centre

of its path. Show that if T be the period

of its motion then T = 2x,
Vn -V^

(f) Show that the sum of the kinetic energy
and potential energy is constant
throughout the motion when a particle
of mass falls from rest at a height h
above ground.

4. Answer any four questions of the following:
10x4=40

(a) Forces P, Q and R act along the sides
BC, CA and AB of a triangle ABC and

forces P', Q' and R' act along OA, OB

and OC, where O is the centre of the
circumscribed circle, prove that

(i) PcosA + QcosB + RcosC ~0

(U, = o
a  b e

3 (Sem-5/CBCS) MAT HE l/HE 2/HE 3/G 13 Contd.



(b) State and prove Lami's theorem. Forceis
P, Q and R acting along OA, OB and
OC, where O is the circumcentre of
triangle ABC, are in eqmlibrium. Show
that

b^ip^+a^-b^) c^(a^ + b^-c^)

(c) (i) Find the centre of -gravity of a
circular arc of radius a which

subtends an angle 2a at the
centre.

(ii) Find the centre of gravity of a
uniform parabolic area cut off by
a double ordinate at a distance h

from the vertex.

(d) (i) Show that the least force which
will move a weight W along a rough

horizontal plane is where

0 is the angle of friction.

(ii) If a body is placed upbn a rough
inclined plane, and is on the point
of sliding down the plane under
the action of its weight and the
reactions of the plane only, show
liiat the angle of inclination of the
plane to the horizon is equal to
the angle of friction.
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(e) A particle moves in a straight line under
an attraction towards a fixed point on
the line varying inversely as the square
of the distance from the fixed point.
Investigate the motion.

(f) A particle moves in a straight line OA
starting from the rest at A and moving
with an acceleration which is directed
towards O and varies as the distance
from O. Discuss the motion of the
particle. Hence define siinple harmonic
motioii and time period of the motion.

(g) Find the component of acceleration of
a point moving in a plane curve along
the initial line and the radius vector.
Also find the component of acceleration
perpendicular to initial line and
perpendicular to radius vector.

(h) A particle is falling under gravity in a
medium whose resistance varies as the
velocity. Find the distance and velocity
at any time t Also find the terminal
velocity of the particle.
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1.

OPTION-C

Paper : MAT-HE-5036

(Probability and Statistics)

Pull Marks ; 80

Time : Three hours .

The figures in the margin indicate
full marks for the questions.

Answer the following questions : 1x10=10

(a) Write the sample space for the
'  experiment of tossing a coin three times

in succession or tossing three coins at
a time.

(b) Is the probability mass function

X -1 0 1

P{x)

oc'
o

0.4 0.4

(c)

admissible ? Give reason.

Sketch the area under any probability
curve with probability function p (x)
between x = c and x = d represented by

d

P{c < X <d) = j p{x)dx.
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(d) What conclusion one can make about

the conditional probability P (a/jB) if
P(B) = 0?

(e) State the multiplicative theorem of
expectation.

(f) Mention the relationship among the
mean, median and mode of the normal

distribution.

(g) If X and Y are two independent random

variables, then find Var{2X + 3Y).

(h) Write the inean and variance of

standard normal variate Z =
X-p

<j

where p and cr are mean and standard
deviation respectively.

(i) When is the correlation coefficient
between two random variables X and Y

zero.. *

(j) State weak law of large number.
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1.

OPTION-C

Paper ; MAT-HE-5036

(Probability and Statistics)

Full Marks : 80

Time : Three hours

The fibres in the margin indicate
full marks for the questions.

Answer the following questions : 1x10=10

(a) Write the sample space for the
'  experiment of tossing a coin three times

in succession or tossing three coins at
a time.

(b) Is the probability mass function

X -1 0 1

P{x)

 I. ■

! ^
o

0.4 0.4

(c)

admissible? Give reason.

Sketch the area under any probability
curve with probability function p{x)
between x = c and x = d represented by

d

P{c<X<d) = j p(x)dx.
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(d) What conclusion one can make about

the conditional probability P(a/B) if
P(B) = 0?

(e) State the multiplicative theorem of
expectation.

(f) Mention the relationship among the
mean, median and mode of the normal

distribution.

(g) If X and Y are two independent random

variables, then find Var{2X + 3Y).

(h) Write the mean and variance of

standard normal variate Z =
X-p

where p and c are mean and standard
deviation respectively.

(i) When is the correlation coefficient
between two random variables X and Y

zero.,

0) State weak law of large number.
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2. Answer the following questions : 2x5=10

(a) Prove that probability of any impossible
event is zero.

(b) If X is a random varial?le, then prove

that Var(X) = £;(x^)-{£:(x)p

(c) Find the constant c such that the
function

f{x) = cx^,0<x<3 •
0, otherwise

is a density function and also find

P(0<x<3). ■

(d) A random variable X has density
function given by

/(x)=2e"^*, O
J), otherwise

then find the moment generating

function.

t

(e) Comment on the following statement:

''The mean of a binomial distribution

is 3 and its standard deviation is 2".
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3. Answer any four parts from the following :
5x4=20

(a) A bag contains 6 white and 9 black
balls. Four balls are drawn at a time.

Find the probability for the first draw
to give 4 white and the second to give
4 black balls if the balls are riot
replaced before the second draw.

f

(b) For two independent events A and B
prove that (i) A and B are independent,
and (ii) A and g" are independent.

(c) A random variable X has the function

c

f{x) =
x^ + l

> where -qo<x<qo, then

(i) find the value of the constant c;

(ii) find the probability that lies

between ̂  and 1.

(d) The joint probability of two variables
X and F is given by

fix,y) = -^i2x + y),0<xi2,0<yi3
0  , otherwise

Find (i) F{Y/2), and (ii) P(y=l/x-3)
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2. Answer the following questions : 2x5=10

(a) Prove that probability of any impossible
event is zero.

(b) If X is a random variable, then prove

that Var{X) = E{x^)-{E{x)f

(c) Find the constant c such that the
function

f{x) = cx^,0<x<3
0, otherwise

is a density function and also find

P(0<x<3).

(d) A random variable X has density
function given by

/(x) = 2e-^'',*S0
S>, otherwise

then find the moment generating

function.

I

(e) Comment on the following statement:

*The mean of a binomial distribution

is 3 and its standard deviation is 2".
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3. Answer any four parts from the following :
5x4=20

(a) A bag contains 6 white and 9 black
balls. Four balls are drawn at a time.

Find the probability for the first draw
to give 4 white and the second to ̂ ve
4 black balls if the balls are hot

replaced before the second draw.

(b) For two independent events A and B
prove that (i) A and B are independent,
and (it) A and b independent.

(c) A random variable X has the function

c

/W=
+1

> where -oo<x<oo, then

(i) find the value of the constant c;

(it) find the probability that X^ lies

between ̂  and 1.

(d) The joint probability of two variables
X and y is given by

f(x.y) = -^i2x + y).0&xi2,0<y^3
0  , otherwise

Find (i) F{Y/2l and (tt} P{y- l/x= 3)
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(e) A coin is tossed until a head appears.
What is the expectation of the number
of tosses required?

(f) The probability of a man hitting a target

is

(i) If he fires 7 times, what is the
probability of his hitting the target
at least twice ?

(ii) How many times must he fire so
that the probability of his hitting
the target at least once is greater

than -i- ?

4. Answer any four parts from the following:
10x4=40

(a) For n events A2, A3, , prove
that

vi=i y i-l : i<j^n

l<i<j<k^n

+{-lf-^P{AinA2nA3 oA,)
f 3 \

Hence find P Ua
vi=i y
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(b) Suppose that two dimensional
continuous random variables (X, T) has
joint p.d.f given by

f{x,y) = 6x^y, 0<x<l, 0<y<l
0  , elsewhere

11

(i) Verify that | J f{x, y) dxdy = 1
0 0

(ii) Find P 0<X<-,-<Y<2
4 3

(iu) Find P(X + y<l)

(iv) Fmd P(X>F)

(v) Find P{X<yY<2)

(c) (i) The probability function of a
random variable X is given by

0 , otherwise

Find the probability density
function for the random variable

n=i{l2-X).
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(e) A coin is tossed until a head appears.
What is the expectation of the number
of tosses required?

f

(f) The probability of a man hitting a target
1

IS
4*

(i) If he fires 7 times, what is -the
probability of his hitting the target
at least twice ?

(ii) How many times must he fire so
that the probability of his hitting
the target at least once is greater

than ̂  ?

4. Answer any/our parts from the following:
10x4=40

(a) For n events A2, A3, prove

that

i-l i<j%n

l<i<j<k^n

+(-l)"-^P(AinA2nA3 nA.)
f 3 \

\i=l

UencG find P Ua
Vi=l J
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(b) Suppose that two dimensional
continuous random variables (X, 7) has
joint p.d.f given by

f{x,y)-6x^y, 0<x<l, 0<y<l
0  , elsewhere

ri

(i) Verify that J J f{x,y)dxdy = l
00

/  3 1 ^
(ii) Find P 0 <X <—, — <Y <2

V  4 3

(iiij Find P{X + Y<l)

(iv) Find P(X>K)

(v) Find P{X<l/Y<2)

(c) (i) The -probability function of a
•  random variable X is given by

0 , otherwise

Find the probability density
function for the random variable

„=i(l2-X).
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{ii) Define moment generating function
of a random variable X. Find the

moment generating function of
, binomial distribution.

(d) (i) The probability curve y =/(jc) has
a range from 0 to oo. if f{x] =
find the meaii and variance.

(ii) If X he a. continuous random
variable with probability density
function

f{x) = ax,0<x<l
a,l<x<2

-ax + 3a, 2 ̂ jc ̂  3

0, otherwise

compute P(X^ 1,5)

(e) fi) Derive Poisson distribution as
a  limiting case of binomial
distribution.

(ii) Prove that megm and variance of a
binomially distributed variable are
respectively np and npq.

(f) (i) Define correlation coefficient of two
random variables, X and Y. Show
that correlation coefficient is

independent of change of origin
and scale.
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(ii) Obtain the equation of two lines
of regression for the following
data:

X: 65 66 67 67 68 69 70 72

Y: 67 68 65 68 72 72 69 71

(9) fi)

-Also obtain the estimate of X for
^"=70.

If X is a random variable with
mean y and variance then for
any positive number k, prove that

p{\X-MWk^U^
(ii) A symmetric die is thrown 600

times. Find the lower bound for
the probability of getting 80 to 120
sixes.

(h) The random variables X and Y have
the following joint probability density
function:

/(jc,y) = 2-x-y; 0<x^l, 0<y<l
0, otherwise

Find—

(i) marginal probability density
functions of.X and Y;
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(ii) conditional density functions ;

(iii) Var{X);

(iv) Var(Y);

(v) covariance between X and Y.
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