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The figures in the margir. inclicate full marks
for the questions.
1. Answer the following questions 1x8:=8
fa) Is every limit point of a set Ac¢ R
nceessarily an element of A?

(b)  Write the ¢-0 detinition for

Hm2x) =06
X-23

/) A function f is continuous at a if
whenever a scquence |x,, } gets closer to
a, what must happen fo the scequence
i, n?
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(2)

If f is continuous on |[a b and
fla)<0< f(b), what must happen
according to the intermediate value
theorem?

Is every continuous function on a closed
and bounded interval [¢ b] uniformly
continuous?

If f' exists on [g, b], what must be true
about f’ on the interval {q, b]?

Taylor’s theorem can be wused to
approximate functions. If R,(x) is the
remainder term of order n, what
inequality does it satisfy for some &
between O and x7?

A function f is differentiable at x = a if
and only if there exists a function &(x)
continuous at a such that
f(x) = f(a)+e(x)(x ~a). What is wa)?

swer any six of the following questions :
2x6=12



{ 3 )

{c) Evaluate :

@) lim <

x=404 32
2x? 33

(i} lim ———

(@ Let f(x) =x> Using sequence, show
that fis continuous at x=3,

(e} Let fix)=x>~3x on [-2 2]. Find the
maximum and minimum values of fon
this interval.

() Let f(»)=x>~x~2, show that fhas a
root in the dinterval [1, 2]

fg) Let flx)=«>. Using Caratheodory's
approach, write f(x) in the form
[ = fld) + x)(x~aq) and find Ka} at

a=1.

h) I y:..airx(x‘zi, find % using the chain

Tule.
{i) Find the first four terms of the Taylor

serics of f(x) = - about x=0.
1+x

() Suppose fis differentiable on [0, 2] with

F(O)y=1and f'(2)=5. What can you say
about the values of f* on (0, 2)?
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3. -Answer any fourof the following questioris ¢
5x4=20
{a] Let

A'={ i ine N}
A+l ;

{f} Find all imit points of the set A.
@) Using the sequential criterion,
prove that lim f(x) =2, for f() =2x
=
fii] Ts 1 an element of AP Justify.
142+2=5
b} (i Using thee-§ definition, prove that

Bm(x-4)=T11
X3 :

{fi] Evaliate the one-sided fimit ‘

v 1
lim =
x=50% X

nd iy o
{ti} Find Yim 2X_*2

P |

e} Let fix)=x? and glx)y=sinx.
@ Using the sequential eriterion,
prove that f is continuous at x =2
{i)) Using continuity of fand g, prove
that flxo+g(x) is <ontingous at
xX=2,
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{d) Let Feo= x5 —6x2 +9x+2 on the
interval [0, 4] ‘

(i} Find the points where f(x) attains
its:mazximum and minimum on [0, 4]
and determine the corresponding
values.

{ii} Show that f(x)has at least one reot :
in the interval [0; 1.

fe) () Prove that f(x)=+x is uniformly
continuous an [0, 4]

(i I f is strictly increasing and

continyous' on: [g, b, show that £

exists and is continuous on

[fta), FBI.

) Let fx)=1nQ + x).
{i) Show that fis differentiable at x = 1.
fi Using Caratheodory’s theorem,
express f{x)= SO +Hx)x-1) and
find (1)
i} Verify that &1) = ).

(@) Let f{x)=x% —3x on [J/3, V3]
{i} Verify that fsatisfies the conditions
of Rolle’s theorem.
(i) Find all points ¢ in (-3, J3) where
Foy=0. '
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(i) Apply the mean valte theorem for
the interval [-1, 2] to find ¢, such
ROV i -3 A i 1)) -
that fc) =——-—.
r1a=T2- 1L
() @ Find the first four non-zero terms of
the Taylor series of sinx about
x=0. :
(i) Find the first three non-zero terms

of the Taylor’s series of about

1
1+x
x=0.
{ii} Use ‘the first twa terms of the
expansion  of (1+%° o
approximate (1-02)°.

4. Answer any two of the following questions :
10x2=20

{a) Let fiR~{2} - R be defined by
xt-4

fla=1 x-2¢
_.undeﬁned.;, x=2

, X#2

(i} Show that 2 is a limit point of the
domein.

(i) Using the £-& definition of lmit,
prove that

m f() =4
X2
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fiij Determine whether
lim f{x) and lim f(x)
x=¥2-" X=32¢"

exist. Justify your answer.
(i) Evaluate

tim f{x) and lim 2x- f(x))
X K=o

using appropriate limit theorems
and state whether either limit
diverges to infinity, diverges
without Hmit or converges.

b) Let f:[0, 3] = R be defined by

. ;
Flay= x‘ 2x, 0€x£2
4-x , 2<x%38

(i} Using the sequential criterion
~-de!term‘ine. whether fis continuous
at x=2.

(i} On the interval [0, 3} verify that the
maximumsminimum theorem holds
and hence determine max f and
rnin _f".:

(iif) ‘Show that the equation f(x)=1has
at least one solution in (0, 3]

liv} State with justification whether fis
uniformly continuous on [0, 3].
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{o) Let g:(,4—>R be defined by
gx) =+x-1.

(§ Prove that g is continuous on its
domain.

(i} Determine whether g is uniformily
. continuous- on (L, 4] Give a
- justification using the uniform
continuity.
(iij) Let h{x)=x>. Show that since A is
continuous and monotone on R, its
inverse h™! is also continuous.

i) If k(x) = g(x) +h{x), discuss whether
kis continuous on (L 4}
[d} Let flxy=xe*, xeR.

{) Show that f is. differentiable at all
x€ R and find f'(x).

(i) Let g(x)=1n{l+ x), x> -1 Compute
—4(f)

{iii) Using Rolle’s theorem, show that
there exists at least one c€ (0, 1)
such that

oy o L= FO)
Flg=as—rs
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() Using Teylor’s theotem, derive an
inequality for €™ on [0 1} of the form.

L% w2
texael_ge® €lixtX 3858
R 2 6

(v) Using denvatlve of the inverse
function, find -—(f ~1(x)) at x= f(O)

(e) Let h{x)= 100142, x> -1
i) Show that h is differentiable and
find h'tx).
(i) Let -k(x)=e*~1, xeR Using
 derivative ‘of the inverse function,
find -L %1,
dx

(i) Using the Cauchy mean value
theorem to show that f(x)=1n( + x)
and g(x) =%, there exists c€(0, a),
such th‘at

f(cf} FO) _ 19
gl@y- 9(0) :

{iv) State Caratheodory’s theorem in
R™. Then wusing the theorem,
explain why any: point in the convex
hull of a set Sc:R® can be written
as a convex combination of at most
four pomts.
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{0) ¥ £4x0)<0 and f'(x;) >0 for some
differentiable - function f wuse
Darboux’s theorem to explain why
there must exist.a point ¢ between.
X and x; such that f*(g=0.

* ke

26A—4000/188 1 {Sem~-5/FYUGP) MAT 42 MJ





