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1. Answer the following questions : 1x10=10
{a) Let f be a mapping from the additive
group of integers to the group G=1{-1 1}
under multiplication, defined by
1, if xiseven
xX) =
F {—1, if xisodd
Then which of the following statements is
true?
(i) f is not a homomorphism

CALEs. 1R
—

(i) f is an onto homomorphism, but
not one-one

(iii) f is an isomorphism
(i) f is a homomorphism, but not one-
one and onto
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(b) What is the natural homomorphism from (b) The uni'on of two
a group onto its quotient group? space is again

whether it is true

(c) State Cayley’s theorem for groups.

d () What do you

permutations? G
similar permutatic

(d) Give the example of an infinite integral
domain which is not a field.

(e) What is a simple ring? (d) Let R[x] be the rin

() Let R={0, 1} mod 2. What is the charac- ring R. Show thal
teristic of R? then R[x] is also ¢
fe) Show by an examyj
R, and R,, we can
f:R = R, such tl
of Ry, whereas 1

(g) State whether the following statement is
true or false :

Let G be a non-Abelian group. Then
themap0: G — Ggiven by §(x) = x™!

edwoo pu
SR

is an automorphism of G. 3. Answer the following c
(W) Let G be a group and ae G. What is the (a) Letf:G—G'bea
normalizer of a in G? from group G to G

of G and H’ be
Show that f ~!(E

(i) = State whether the following statement is G containing ker f
true or false :

(i) Define Euclidean ring.

(b) Find all the iderr

A group of order p?, where p is a FaliE elements of the rir
prime, is Abelian. - G T:“ 4r
l'g ;"E = O
2. Answer the following questions : 2x5=10" - If in a ring R with
(a) Let G and G’ be two groups and (x)? = x°
f:G— G’ be a homomorphism. Show
that f is one-one if ker f = {e}, where e is then show that R
the identity element in G.
A13—1500/95 A13—1500/95
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4. Answer the following questions :

(a)

(4)

Let G be a group and a€ G has only two
conjugates in G. Show that N(g is a
normal subgroup of G.

Or

Prove that a group of order 30 has either
a normal subgroup of order 5 or a normal
subgroup of order 3.

Show that a ring homomorphism maps
the zero element onto the zero element.

Let
a 0
R = .
1 {[0 O] rae R}
where Ris a ring. Prove that the mapping
a 0
Ry — =
fiR R f[o 0) a

is an isomorphism between the rings R
and R.

Prove that the set A, of all even
permutations of S, (n=2) is a normal

10x4=40

—

(®)

(c)

(5)

Or
Prove the fundamental
homomorphism. Show
cyclic group is isomorpl
group of integers.
Prove that an ideal M
ring R with unity is
oR/M is a field. E
Z[<4>is a field or no

Or

Let R be a finite (n
domain. Prove that o(R)
a prime. Find all the ide
(with usual notation).
(i) State Sylow’s st
theorems.

(i) Define inner aut
group G. Prove th
inner automorphis
group of Aut G, wi
group of all auton

Or
Prove that the nu
of the conjugacy cl
finite group G is o
N(g) is the norma
denotes the centre

subgroup of S, and o(4,) =3%‘ Find that
all the normal subgroups of S,. 7+3 0(G) =o(Z(G))+
A13—1500/95 ( Continued ) A13—1500/95
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(d) Show that an integral domain can be
imbedded into a field. 10

Or

Find the field of quotients of the integral
domain Z[]]={a+ib: q be Z}.

* % Kk
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1. Answer the following : 1x6=6

(@) Is the following statement true or false?
If false, correct the statement :
For linearly independent vectors vy, vy,
v3 in a vector space V the set {v}, v3} is
a linearly dependent set.

(b) What is the basis of the vector space
V={0,}?
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(c) State the condition under which a set of

m vectors spans R™.

" (d) What are the eigenvalues of an upper
triangular matrix?
(e} State Cayley-Hamilton theorem.

(i LetT:V —V be a linear operator. State
one condition on T so that O is an
eigenvalue of T.

2. Answer the following : 2x2=4

(a) Consider the vector space V = R? over R.
If U and W are the xy-plane and yz-plane
respectively, then determine dim({Un W).

(b) Find all eigenvalues of the operator
T:R? 5 R2
defined by
Tlx, y) = Bx +3y, x+3y)

3. Answer any one part : 10

(a) (i) Let V be the vector space of all
functions from the real field R into
R. Show that W is a subspace of V,
where

W=A{f:f(7)=Ffu}

A13—1500/96 ( Continued ) |

(3)

(ii) Let V be a finite c
space. Prove tha
has the same nu

(iii) Determine whet!

“{ following set S for

S= {{2: 4)—3)r ((

(b) (i) Prove that the
finite collection o
vector space V(F)
V(F). Is it true |
subspaces?

(ii) Let V(F) be a
dimension n. Pro
vectors of V are li1
Further prove tha
-+, Up span V, ther
independent.

(iii) Find a basis and

subspace U of R*
U={a b ¢ d)a

4. Answer any two parts :
fa) (i) Let V be the vect

square matrices
and M be an arbit
Show that the
defined by T(A)=.
is linear.
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(4) (5)
(i) Let T:R?2 >R be the Ilinear ® lshl:ow that t];e foll
ear equatio:
mapping for which T(l, 1)=3 and - ©d ns ,
Hence solve them
T, 1) =-2. Then find T(x, y). 2+3=5 9
x+2y-
(b) Verify the rank nulli;cy thezorem for the 3x-y+2
linear mapping T:R® — R* defined by 2x-2y+3
Tix, y, 2 =(x+y y+2 S xX-y+
(c) ‘ Let U and V be vector spaces over a (i) Prove that the min
field K. If dimU=m, dimV=n, then of a matrix A divi
prove that dim Hom(U, V}=mn, where nomial which has .
Hom{U, V) de.notes_ the vec.tor space of all (iii) Use Cayley-Hamilt
linear mappings from U into V. 5 find the inverse of
5. Answer any one part : 10 12
fa) (i) Find the eigenvalues and the 32
corresponding eigenvectors of the
following matrix :
10 -1
A=l12 1 GROUP—B
22 3
. ( Vector )
. F. d .. . 2
(ii) n_i: t-ﬁ.:‘he minimal polynomial of the ( Marks : 40 )
5 -6 -6 6. Answer the following :
A=|-1 4 2
3 6 -4 (a) Write the geometrical i
scalar triple product a-
Are the characteristic polynomial of
A and the minimal polynomial of A (b) Does associative law for
same? 5+5=10 of vectors hold?
Al
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(6) (7)

(c) Wnte the condition for a vector function ' (i) Show that grad
perpendicular  to

f of a scalar variable t to be of constant
¢ (% y, 2) = c, where
magnitude.
s A oa Further show that c
(d) Find div?, where 7 = xd +yj + zk.
. ( (iii) Given
7. Answer the following : 2x3=6 T =1 :2_2'+ 2,
=2i-j+4
(a} A particle moves ' along the curve t=J
x=3t2, y=t2-2t, z= t3, where t is the then evaluate
time. Find the component of velocity at 5 d
time =1 in the direction i + j-k. E(r_&
(b) Show that the vector
3=yz;.:+zaé'+xy1‘é (b)) (i} Prove that
is irrotational. @ +b b+2 B+

{c) Evaluate (i) Find the angle betw
- A
[[#-has x2+y?+2° =9 an

where S is a closed surface. | at the point (2, -1,

(Symbols with usual meanings.) (iii) If }‘;-’ =3 xy'i‘ _ yz J-' t

(a) (l) Prove that where C is the cun

}
’ | Ic F.
8. Answer any one part : 10 T :
!
|
xy-plane from (0, 0

-

bx¢ Exd dxbl=[@b3)?
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(8)
10. Answer any one part :

(@) (i) Find the value of
(@) () If vectors 21— j+l?:, [

9. Answer any two parts : - 5x2=10

3i +}&+5f€ are copla

r - o
E=wxr - 7
A (i) Let a, b, ¢ be thre
and . such that
& _a 2 C ExBxD)-
dt
g -
show that If b and ¢ are non-p

then find the angles

d ~ - P A
E{rxs)—wx(rx.q) withga_nd 2.

(@ If (i) If F =@x?-32) -22
A = - - valuate
A =cosxyi +(3xy—2x2)j+(3x +2y)k evalua N
then find jvva -dV

|
92A I where V is the
oy - 3+2=5 bounded by the plan
z=0and 2x+2y+z-

(b) (i Prove that

(b) IfQ is a constant vector and

P=xd+yj+zk l
[
|

_ @xB)x(@xd)=@bdJ
show that—
(i) div@x7)=0 =
(i) curl(@ x7)=2d 5 +3._,5# Hence express any
| - 2
(¢) Prove that | terms of @, b, ¢ prov
. N not coplanar.
Vx(VxF)=VV.F)-v2F
J13—1500/95
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(ii) Evaluate

-
[[F -Ads
s
where q
.t:*" = yzf + zz;A] + xyfé f’

and S is that part of the surface of
the sphere x2 +y?+2z° =1 which
lies in the first octant. 5+5=10

* Kk
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