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2017

MATHEMATICS
( Major )
Paper : 5.1
( Real and Complex Analysis )

Full Marks : 60

Time : 3 hours

The figures in the margin indicate full marks
for the questions

1. Answer the following questions : 1x7=7

(@) Define limit of a function . of two
variables.

(b Write a sufficient condition for the
equality of f, and fy., symbols have
their usual meanings.

(c) Give an example of a function which is
not continuous but Riemann integrable.
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(2)

(d Find the fixed points of the
2z+3

. is a
z-4

transformation w=

complex number.

(e) If W is a bilinear transformation and
W(z)=w;, i=12234, then find
W[(Z4 - z1)(25 — 23)

(22 - 21)(24 - 23)

i=1 2, 3,4 are complex numbers.

], where z;, for

() Let C; and C, be two simple closed
curves, then show that§ zdz=§ z dz.
: G C

(@ “If f(2) =ulx y) +iv(x, y) is analytic and u,
v are real valued functions, then u(x, y),
v(x, y) are harmonic.” State whether the .
statement is true or not. Justify your

answer.
2. Answer the following questions : 2x4=8
(@ Show that z=log{(x-a?+y-b>}
2 2 :
satisfies 8_;_ +a—z- =0, except at (a b).
ox?  9y?
(b) Prove that the function

flo g =x2 —2xy+y® +x* +y* has a

minima at the origin.
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(3)

() 1f P* be a refinement of a partition P,
then for a bounded function f, prove
that L(P*, f)y>L(P, f), symbols have
their usual meanings.

(d) Evaluate (lim E). J

\z—»02zZ
3. Answer any three parts : 5x3=15

(a) If V is a function of two variables x, Y
and x=ucoso —vsina, y=vcosc +usino,
where o is a constant, then show that

R : (3’ +(ng
ox oy ou v

() Show that the improper integral
_[b converges if and only if n <1.
a4 (x-a" .

(c) Show that every absolutely convergent
integral is convergent.

(d) Prove that if f(2) =u(x y) +iv(x y), u and
v are real valued functions, is analytic,
then %:?ﬂ and a_u=—%_

ox dy Jdy dx
sinmz? +cosnz? ",

(e) Evaluate § dz, where C

¢ (z-1)(z-2)
is the circle |z|=3.
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(4)

4. Answer either (a) or (b) :

(@) (i) Show that the limit exists at the
origin but the repeated limits do not
for the function f(x y), where

xsin(l)+ysin(l), xy#0
fley = y x
0 , xy=0
ol Y

Ehiie ot _t2 1 e fnd e

g pe e
maximum value of xyz.

(b) (i) Test the convergence of the integral
J'%
0

() Prove that the improper integral
J: fdx converges if and only if to

sin x
o

T dx

X

every € >0 there corresponds 9 >0
such that

fdx

+A.2
a+ll

<g O0<Ay, Ay <8

S. Answer either (a) or (b) :
(@ (i) Prove that if a function f is conti-
nuous on g, b], then the function F,
defined as F(x) = [ ft)dt, a<x<b,

is continuous and derivable on
(@ D).

S5
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(5)

.. (@) If a function f is bounded and
integrable on [q b] and there
exists a function F such that F’ = f
o ' |a B, then. ‘prove  that

Efdx=F(b)-F(a). 5

(b) (i) Prove that if f is a non-negative
continuous function on [ag, b] and
[[fax=0, then f(=0 for all

x € [a, bl 5
(i) Show that f(x)=[x] is Riemann
integrable on [0,2], where [x]
denotes the greatest integer not
greater than x. S

6. Answer either (a) or (b) :
(a) (i) Prove that f(2) = iz is not uniformly
Z
continuous in the region |z|<1 but

uniformly continuous in the region
1

—<zsL

2 5
(i) Find the orthogonal trajectories of

the family of curves in the xy-plane

defined by e *(xsiny-ycosy) =a,

o is a real constant. 5
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(6)

(b) (i) If f(2) is analytic inside and on a
circle C of radius r and center
at z=q, then prove that

I
If™ @< M2 for n=0,123...
rﬂ.

and M is a constant such that

| f(2)] < M. ‘ 5

(i) Find a bilinear transformation
which maps 2z, z,, z; of the
z-plane into the points w,;, w,, w,
of w-plane respectively. 5

* 4 Kk
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